We consider two compacta with minimal non-elementary convergence actions of a countable group. When there exists an equivariant continuous map from one to the other, we call the first a blow-up of the second and the second a blow-down of the first. When both actions are geometrically finite, it is shown that one is a blow-up of the other if and only if each parabolic subgroup with respect to the first is parabolic with respect to the second. As an application, for each compactum with a geometrically finite convergence action, we construct its blow-downs with convergence actions which are not geometrically finite.
Introduction
The notion of geometrically finite convergence groups is a generalized notion of geometrically finite Kleinian groups and is deeply related to the notion of relatively hyperbolic groups (see [6, Definition 1] and [33, Theorem 0.1] ). The study of convergence groups was initiated in [13] . Also relatively hyperbolic groups have been studied since they were introduced in [18] (see for example [6] , [9] , [10] and [28] ). In this paper we study blow-ups and blow-downs of compact metrizable spaces endowed with geometrically finite convergence actions of a
• π is surjective;
• π is a unique G-equivariant continuous map from X to Y ;
• if q ∈ Y is a bounded parabolic point and H is its maximal parabolic subgroup, then π −1 (q) is equal to the limit set Λ(H, X) of the induced action of H on X;
• id G ∪ π : G ∪ X → G ∪ Y is continuous.
Here G ∪ X and G ∪ Y are natural compactifications of G by X and Y (see [14, Subsection 2.4] , [15, Proposition 8.3 .1] and Lemma 2.1).
By combining some facts with Theorem 1.1, we construct two families of uncountably infinitely many compact metrizable spaces endowed with minimal non-elementary convergence actions of G which are not geometrically finite as blow-downs. The first family consists of uncountably infinitely many blowdowns with the same peripheral structure: Corollary 1.5. Let G be a countable group and let X be a compact metrizable space endowed with a geometrically finite convergence action of G. Then there exists a family {X λ } λ∈{0,1} N of compact metrizable spaces endowed with minimal non-elementary convergence actions of G which satisfies the following:
(1) for every λ ∈ {0, 1} N , H(X) = H(X λ );
(2) for every λ ∈ {0, 1} N , X λ is a blow-down of X; (3) for any λ, λ ′ ∈ {0, 1} N , X λ is a blow-down of X λ ′ if and only if λ −1 ({1}) ⊃ λ ′−1 ({1}); (4) for any λ, λ ′ ∈ {0, 1} N such that λ = λ ′ , X λ is not G-equivariant homeomorphic to X λ ′ ; (5) for every λ ∈ {0, 1} N , the action of G on X λ is not geometrically finite, where {0, 1} N is the set of all functions from N to {0, 1}.
The second family consists of uncountably infinitely many blow-downs with mutually different peripheral structures: Corollary 1.6. Let G be a countable group and let X be a compact metrizable space endowed with a geometrically finite convergence action of G. Then there exists a family {Y λ } λ∈{0,1} N of compact metrizable spaces endowed with minimal non-elementary convergence actions of G which satisfies the following:
(1) for every λ ∈ {0, 1} N , H(X) = H(Y λ );
(2) for every λ ∈ {0, 1} N , Y λ is a blow-down of X;
(3) for any λ, λ ′ ∈ {0, 1} N , the following are equivalent:
• Y λ is a blow-down of Y λ ′ ;
• H(Y λ ) ⊃ H(Y λ ′ );
• λ −1 ({1}) ⊃ λ ′−1 ({1}); (4) for any λ, λ ′ ∈ {0, 1} N such that λ = λ ′ , H(Y λ ) is not equal to H(Y λ ′ ). In particular, Y λ is not G-equivariant homeomorphic to Y λ ′ ; (5) for every λ ∈ {0, 1} N , the action of G on Y λ is not geometrically finite. In particular, H(Y λ ) contains infinitely many conjugacy classes if λ −1 ({1}) is infinite.
In Section 2, we gather and show some properties of convergence actions. Also Propositions 2.5 and 2.6 related to blow-ups of compact metrizable spaces with geometrically finite convergence actions are proved. In Section 3, we recall some terminologies about augmented spaces in [19] . In Section 4, Theorem 1.1 is proved. Also a corollary of Theorem 1.1 for semiconjugacies is shown (Corollary 4.4). In Section 5, we deal with applications of Theorem 1.1. Indeed we prove Corollaries 1.5 and 1.6. Also some other corollaries are given. In Appendix A, a criterion for countable groups to have no non-elementary convergence actions is shown. In Appendix B, we give a remark on hyperbolically embedded virtually free subgroups of relatively hyperbolic groups.
Convergence actions and peripheral structures
In this section, we recall some definitions related to convergence actions and geometrically finite convergence actions of groups (refer to [31] , [32] , [6] and [5] ) and show some properties.
Let G be a countable group with a continuous action on a compact metrizable space X. The action is called a convergence action of G on X if X has infinitely many points and for each infinite sequence {g i } of mutually different elements of G, there exist a subsequence {g ij } of {g i } and two points r, a ∈ X such that g ij | X\{r} converges to a uniformly on any compact subset of X \ {r} and also g −1 ij | X\{a} converges to r uniformly on any compact subset of X \ {a}. The sequence {g ij } is called a convergence sequence and also the points r and a are called the repelling point of {g ij } and the attracting point of {g ij }, respectively.
We fix a convergence action of G on a compact metrizable space X. The set of all repelling points and attracting points is equal to the limit set Λ(G, X) ([31, Lemma 2M]). The cardinality of Λ(G, X) is 0, 1, 2 or ∞ ([31, Theorem 2S, Theorem 2T]). If #Λ(G, X) = ∞, then the action of G on X is called a nonelementary convergence action. When the action of G on X is a non-elementary convergence action, G is infinite and the induced action of G on Λ(G, X) is a minimal non-elementary convergence action. We remark that #Λ(G, X) = 0 if G is finite by definition. Also G is virtually infinite cyclic if #Λ(G, X) = 2 (see [31, Lemma 2Q, Lemma 2N and Theorem 2I] ). An element l of G is loxodromic if it is of infinite order and has exactly two fixed points. For a loxodromic element l ∈ G, the sequence {l i } i∈N is a convergence sequence with the repelling point r and the attracting point a, which are distinct and fixed by l. We call a subgroup H of G a parabolic subgroup if it is infinite, fixes exactly one point and has no loxodromic elements. Such a point is called a parabolic point. A parabolic point is bounded if its maximal parabolic subgroup acts cocompactly on its complement. We call a point r of X a conical limit point if there exists a convergence sequence {g i } with the attracting point a ∈ X such that the sequence {g i (r)} converges to a different point from a. A convergence action of G on X is geometrically finite if every point of X is either a conical limit point or a bounded parabolic point. Since X has infinitely many points, every geometrically finite convergence action is non-elementary. Also since all conical limit points and all bounded parabolic points belong to the limit set, every geometrically finite convergence action is minimal.
The following is a special case of [15, Proposition 8.3 .1], which claims that a compact metrizable space endowed with a minimal non-elementary convergence action of a countable group naturally gives a compactification of the group: Lemma 2.1. Let G be a countable group and X be a compact metrizable space endowed with a minimal non-elementary convergence action of G. Then X gives a unique compactification of G such that the natural action of G on G ∪ X is a convergence action whose limit set is X.
Let G be a countable group. For a compact metrizable space X endowed with a convergence action of G, the set H(X) of all maximal parabolic subgroups is conjugacy invariant and almost malnormal, that is, H 1 ∩ H 2 is finite for any different H 1 , H 2 ∈ H(X) and every H ∈ H(X) is equal to its normalizer in G ( [23, Lemma 3.3] ). We call H(X) a peripheral structure of X. In general we define a peripheral structure on G as a conjugacy invariant and almost malnormal collection of infinite subgroups of G. For a family {H i } i∈I of peripheral structures on G, we define i∈I H i := {P ⊂ G | P is infinite and P = i∈I H i for some H i ∈ H i for each i ∈ I}, which is also a peripheral structure on G. For two peripheral structures H and K on G, we put K → H if for any K ∈ K, there exists H ∈ H such that K ⊂ H. We have the following about → ([23, Lemma 3.4]): Lemma 2.2. Let G be a countable group. Then → is a partial order on the set of peripheral structures on G.
We show some basic properties related to equivariant continuous maps between compact metrizable spaces endowed with convergence actions (refer to [14, Subsection 2.3 and Subsection 2.4] about Lemma 2.3 (1), (2) and (3)).
Lemma 2.3. Let G be a countable group. Let X and Y be compact metrizable spaces endowed with minimal non-elementary convergence actions of G. Suppose that there exists a G-equivariant continuous map π from X to Y . Then we have the following:
(1) π is surjective; (2) π is a unique G-equivariant continuous map from X to Y ; (3) if r ∈ Y is a conical limit point, then π −1 (r) consists of one conical limit point; (4) if q ∈ Y is a bounded parabolic point and H is its maximal parabolic subgroup, then π −1 (q) = Λ(H, X); Proof of Lemma 2.3.
(1) Minimality of the action on Y implies that π is surjective.
(2) Suppose that π ′ : X → Y is a G-equivariant continuous map. We take any p ∈ X. There exists a convergence sequence {g i } whose attracting point is p. Then π ′ (p) as well as π(p) is the attracting point of the convergence sequence {g i }. Hence we have π(p) = π ′ (p). (3) Suppose that r ∈ Y is a conical limit point. Then we have a convergence sequence {g i } with respect to Y such that the repelling point is r and g i r converges to b ∈ Y which is different from the attracting point a ∈ Y . We take a convergence subsequence {g ij } of {g i } with respect to X. We have the repelling point r ′ ∈ X and the attracting point a ′ ∈ X. Also we can assume that g ij r ′ converges to b ′ ∈ X. Then we have π(r ′ ) = r, π(a ′ ) = a and π(b
Hence r ′ is a conical limit point. Assume that there exists z ∈ π −1 (r) such that z = r ′ . Then we have g ij z → a ′ and thus g ij r → π(a ′ ) = a. This contradicts the fact that a = b. (4) Clearly we have Λ(H, X) ⊂ π −1 (q). Since Λ(H, X) has at least one point, we assume that π −1 (q) has at least two points. We prove that π −1 (q) ⊂ Λ(H, X). Since q ∈ Y is a bounded parabolic point, we have a compact subset
For any x ∈ π −1 (q), we have a convergence sequence {g i } whose attracting point is x. If {g i } have a subsequence whose elements belong to a right coset of H, then x ∈ Λ(H, X). We assume that all elements of {g i } belong to mutually different right cosets of H and does not belong to H. Then we have some h ′ i ∈ H and r i ∈ G\ H such that g i = h ′ i r i for any i. Since π −1 (q) has at least two points, we have a point x ′ ∈ π −1 (q) that is not the repelling point of {g i }. Hence we have h
∈ Hπ −1 (K), we can assume that {h i } is a sequence of mutually different elements. We take a convergence subsequence {h ij } with respect to X. Both its attracting point a and its repelling point r are in π −1 (q). Since π −1 (K) is compact and does not contain r, h ij (π −1 (K)) uniformly converges to a. Then h ij k ′ ij must converge to a. Now we have x = a.
We prove H(X) → H(Y ). We take K ∈ H(X) with the fixed point p. Then π(p) is fixed by K. Assume that there exists a loxodromic element l ∈ G with respect to Y such that π(p) is the repelling point of {l n } n∈N . Since π(p) is conical, π −1 (π(p)) = {p} by Lemma 2.3 (3). Hence l fixes p and thus l ∈ K. Hence l has the only fixed point π(p). This contradicts the assumption that l is loxodromic. Hence π(p) is a parabolic point with a parabolic subgroup K.
(6) We take a sequence {g n } which converges to x ∈ X in G ∪ X. We take any accumulation point y ∈ Y of {g n } and a subsequence {g ni } such that g ni → y in G ∪ Y . We take a convergence subsequence {g ni j } with respect to both G ∪ X and G ∪ Y . The attracting points in G ∪ X and G ∪ Y are x and y, respectively. Then x and y are the attracting points in X and Y , respectively. Hence we have π(x) = y. Thus we have g n → y in G ∪ Y . Proposition 2.5. Let G be a countable group. Let X be a compact metrizable space endowed with a minimal non-elementary convergence action of G and Y be a compact metrizable space endowed with a geometrically finite convergence action of G.
The following gives a sufficient condition that a compact metrizable space endowed with a geometrically finite convergence action has no proper blow-ups: Proposition 2.6. Let G be a countable group. Let X be a compact metrizable space endowed with a geometrically finite convergence action of G. If every H ∈ H(X) is not virtually cyclic and has no non-elementary convergence actions, then X has no proper blow-ups. Proof. Assume that every H ∈ H(X) is not virtually cyclic and has no nonelementary convergence actions. Let Y be a compact metrizable space endowed with a non-elementary convergence action of G and π : Y → X be a G-equivariant continuous map. By the assumption, every H ∈ H(X) is a parabolic subgroup with respect to Y and hence we have H(X) → H(Y ). On the other hand Lemma 2.3 (5) implies that we have H(Y ) → H(X). We have H(Y ) = H(X) by Lemma 2.2. Hence it follows from Proposition 2.5 that π is a G-equivariant homeomorphism.
Example 2.7. If G is a non-elementary hyperbolic group, then the action on the ideal boundary ∂G is a geometrically finite convergence action with no parabolic points (see [18, 8.2] and also [12, Theorem 3.4 and Theorem 3.7] ). Then there exist no proper blow-ups of ∂G ([14, Subsection 2.5]). We recognize other examples by Proposition 2.6. Indeed the limit set of any geometrically finite Kleinian group such that the set of maximal parabolic subgroups does not contain virtually cyclic subgroups has no proper blow-ups because maximal parabolic subgroups are virtually abelian (refer to [31, Theorem 2U] ). Also if a group G is a free product of finitely many groups which are either Z k (k ≥ 2), SL(n, Z) (n ≥ 3) or the mapping class group of an orientable surface of genus g with p punctures, where 3g + p ≥ 5, then the set of all conjugates of factors of G is a peripheral structure of a compact metrizable space endowed with a geometrically finite convergence action which has no proper blow-ups (see Appendix A and refer to [23, Remark (II) 
in Section 7]).
Lemma 2.8. Let G be a countable group and X and Y be compact metrizable spaces endowed with geometrically finite convergence actions of G.
Proof. When we denote the action on X by ρ :
is another action on X. We denote the compact space X with the action
is a geometrically finite convergence action of G and the set of maximal parabolic subgroups is nothing but φ(H(X)).
for any g ∈ G and any x ∈ X. Obviously φ∪id X : G∪X → G∪X φ is a homeomorphism. Since φ(H(X)) is a proper relatively hyperbolic structure, there exists a G-equivariant
The following definition is based on [14, Subsection 2.4]:
Definition 2.9. Let G be a countable group and {X i } i∈I be a family of compact metrizable spaces endowed with minimal non-elementary convergence actions of G, where I is a non-empty countable index set. When we consider the diagonal map ∆ :
Lemma 2.10. Let G be a countable group and {X i } i∈I be a family of compact metrizable spaces endowed with minimal non-elementary convergence actions of G, where I is a non-empty countable index set. Let Z be a compact metrizable space endowed with a minimal non-elementary convergence action of G and π i : Z → X i be a G-equivariant continuous map for every i ∈ I. Then the image of π i : Z → i∈I X i is i∈I X i . Also the action of G on i∈I X i is a minimal non-elementary convergence action such that H( i∈I X i ) = i∈I H(X i ). In particular i∈I X i is the smallest common blow-up of all X i .
, the image is compact and ∆(G) is dense in the image. Hence the image is equal to ∆(G) and thus the image of Z is i∈I X i .
Since i∈I X i is the image of π i : Z → i∈I X i and the action of G on Z is a minimal non-elementary convergence action, the action of G on i∈I X i is a minimal non-elementary convergence action. We take H i ∈ H i for every i ∈ I. If i∈I H i is infinite, then {a i } i∈I ∈ i∈I X i is an element of i∈I X i , where a i is the parabolic point of H i for every i ∈ I. Also {a i } i∈I is fixed by i∈I H i . If {a i } i∈I is fixed by g ∈ G of infinite order, then a i is fixed by g for every i ∈ I and thus g belongs to H i for each i ∈ I. Hence {a i } i∈I is a unique fixed point of g and thus g is not loxodromic with respect to i∈I X i . Thus i∈I H i is a parabolic subgroup with respect to i∈I X i . In particular we have i∈I H(X i ) → H( i∈I X i ). Next we prove H( i∈I X i ) → i∈I H(X i ). We take a parabolic point {a i } i∈I ∈ i∈I X i with the maximal parabolic subgroup L ∈ H( i∈I X i ). Then a i is fixed by L for every i ∈ I. We assume that there exists a loxodromic element l ∈ G with respect to X i fixing a i for some i ∈ I. Since a i is conical, {a i } i∈I is conical by Lemma 2.3 (3) . This contradicts the fact that any conical limit point is not parabolic ( [32, Theorem 3A] ). Hence L is a parabolic subgroup with respect to X i for every i ∈ I. Now we have H( i∈I X i ) → i∈I H(X i ) and thus H( i∈I X i ) = i∈I H(X i ) by Lemma 2.2. Lemma 2.11. Let G be a countable group. Let ({X i } i∈I , {φ ij : X j → X i } j>i ) be a projective system of compact metrizable spaces endowed with minimal non-elementary convergence actions of G and G-equivariant continuous surjections, where I is a non-empty countable directed set. Then the projective limit lim ← − i∈I X i is a compact metrizable space with a minimal non-elementary convergence action of G.
Moreover lim ← − i∈I X i and i∈I X i are G-equivariant homeomorphic. Also if r = {r i } i∈I ∈ lim ← − i∈I X i is a conical limit point, then there exists i ∈ I such that r i ∈ X i is a conical limit point.
Proof. Since I is countable, lim ← − i∈I X i is a compact metrizable space. Then the first part is a special case of [14, Corollary 1 of Proposition P].
By universality of the projective limit, we have a G-equivariant continuous map from i∈I X i to lim ← − i∈I X i . On the other hand we have a G-equivariant continuous map from lim ← − i∈I X i to i∈I X i by Lemma 2.10. Then lim ← − i∈I X i and i∈I X i are G-equivariant homeomorphic by Lemma 2.3 (2) . Suppose that r = {r i } i∈I ∈ lim ← − i∈I X i is a conical limit point. Then we have a point b = {b i } i∈I ∈ lim ← − i∈I X i and a convergence sequence {g n } with the attracting point a = {a i } i∈I ∈ lim ← − i∈I X i such that r is the repelling point, g n (r) converges to b and b is not a. There exists i 0 ∈ I such that b i0 = a i0 . Hence r i0 is a conical limit point.
Relative hyperbolicity and augmented spaces
In this section, we recall some terminologies about augmented spaces in [19] and show some lemmas.
Let G be a countable group and H be a finite family of proper infinite subgroups of G. We denote the family of all left cosets by α := H∈H G/H. We take a left invariant proper metric d G on G. We recall the definition of the augmented space X(G, H, d G ) (see [19, Section 3] and also [20, Section 4] ). We
for any A ∈ α and a ∈ A. Its edge is either a vertical edge or a horizontal edge: a vertical edge is a pair {(a, t 1 ), (a,
We remark that G is finitely generated relative to H if and only if there exists a left invariant proper metric d G on G such that the augmented space X(G, H, d G ) is connected. We suppose that the augmented space
is a finite relatively generating set, that is, S is a finite subset of G and G is generated by S ∪ H∈H H. We consider the relative Cayley graph Γ(G, H, S). Its vertex set is G. Its edge is a pair
Then the relative Cayley graph Γ(G, H, S) is connected and has the graph metric. When we consider a left invariant proper metric
in order. We call such a path the H-typical quasigeodesic from g 1 to g 2 . Indeed we can easily confirm that there exist constants µ 0 ≥ 1 and
We summarize some known facts as follows (see for example [20, Sections 3, 4, 5] ): Theorem 3.1. Let G be a countable group and H be a finite family of proper infinite subgroups of G. Then G has a compact metrizable space X endowed with a geometrically finite convergence action of G such that H is a set of representatives of conjugacy classes of H(X) if and only if G is not virtually cyclic and there exists a left invariant proper metric d G on G such that X(G, H, d G ) is connected and hyperbolic. When X(G, H, d G ) is connected and hyperbolic for a left invariant proper metric d G on G, the action of G on the ideal boundary ∂X(G, H, d G ) is a geometrically finite convergence action such that H is a set of representatives of conjugacy classes of H(∂X (G, H, d G ) ) and also the action
is a convergence action whose limit set is ∂X (G, H, d G ) .
Let G be a countable group and H be a finite family of proper infinite subgroups of G. Suppose that G is not virtually cyclic and has a left invariant proper metric d G on G such that X (G, H, d G ) is connected and hyperbolic. We consider the following maps:
Proof. We prove that any point of We identify i H (G) and π H • i H (G) with G and also identify i H (g), π H • i H (g) with g for every g ∈ G. For any locally minimal path γ without backtracking in Γ(G, H, S), by replacing every H-component of γ with the H-typical quasigeodesic for every H ∈ H, we have a path γ ′ in X(G, H, d G ), which we call the typical lift of γ. See [28] about locally minimal paths without backtracking. The following is a special case of [6, Lemma 7.3 ] (see also [20, Lemma 6.8] 
Lemma 3.5. Let G be a countable group and H be a finite family of proper infinite subgroups of G. Suppose that G is not virtually cyclic and has a left invariant proper metric d G on G such that X(G, H, d G ) is connected and hyperbolic. Then for each pair of constants (µ, C) with µ ≥ 1 and C ≥ 0, there exists a non-decreasing function
as N → ∞ and f 1 satisfies the following: for any A = gH ∈ α, any g 1 , g 2 ∈ A such that g 1 = g 2 , any (µ, C)-quasigeodesic γ in X(G, H, d G ) from g 1 to g 2 , and any
Proof. There exist constants µ 0 ≥ 1 and
We fix a vertex (a, 0) ∈ A × {0} that is one of the nearest vertices from e for every A ∈ α. Then there exists a constant c 2 ≥ 0 such that any geodesic from e to any vertex in gX(H, {H}, d H ) intersects the c 2 -neighborhood of (a, 0) in
We take A = gH ∈ α, g 1 , g 2 ∈ A such that g 1 = g 2 . We denote the H-typical quasigeodesic from g 1 to g 2 by γ 0 . Now we claim that
for any vertex v of γ 0 . Indeed we have v = (g i , m) for some i ∈ {1, 2} and some m ≥ 0. We fix i on the above and denote the H-typical quasigeodesic from a to g i by γ i . We put
For each 0 ≤ k ≤ n i , we denote the length of the segment of γ i with endpoints a and (g i , k) by l(k). Since γ i is a (µ 0 , C 0 )-quasigeodesic, we have
Also we have
Hence if m ≤ n i , then
Thus we have
Since it follows from the choice of c 2 that
the claim follows. We take N > 0 and suppose that d X(G,H,dG) (e, g i ) ≥ N for i = 1, 2. If d X(G,H,dG) (e, a) ≥ 2N 3 , then it follows from the choice of a that
for i = 1, 2. Hence the claim above implies that
We note that 
Thus we obtain a desired function f 1 which is defined by f 1 (N ) = max
4 Proof of Theorem 1.1
We fix some notations in this section. Let G be a countable group. Let X and Y be compact metrizable spaces endowed with geometrically finite convergence actions of G such that H(X) → H(Y ). Let K and H be sets of representatives of conjugacy classes of H(X) and H(Y ), respectively and satisfy that for any K ∈ K, there exists H ∈ H such that K ⊂ H (see [23, Lemma 3.5] ). The group G is finitely generated relative to K by Theorem 3.1. Let d G be a left invariant proper metric on G. By rescaling d G if necessary, we assume that G is generated by S ∪ K∈K K, where S := {g ∈ G | 0 < d G (e, g) ≤ 1}, and that any H ∈ H is generated by (S ∩ H) ∪ K∈KH K, where
Obviously G is also generated by S ∪ H∈H H. We consider the augmented spaces X(G, H, d G ) and X(G, K, d G ) and the relative Cayley graphs Γ(G, H, S) and Γ(G, K, S). We have the following commutative diagram:
It is well-known that such metrics are coarsely equivalent. In particular we have the following:
The following is [ 
Proof. Suppose that the identity map id
Then it follows from Lemma 3.2 and Remark 3.3 that we have two sequences {g n }, {g
Proof of Theorem 1.1. For every (g 1 , g 2 ) ∈ G × G, we fix four paths from g 1 to g 2 : the first path which is denoted by γ H (g 1 , g 2 ) is a geodesic in Γ(G, H, S) ; the second path which is denoted by γ K (g 1 , g 2 ) is a minimal lift of γ H (g 1 , g 2 ) in Γ(G, K, S); the third path which is denoted by γ H (g 1 , g 2 ) is the typical lift of γ H (g 1 , g 2 ) in X (G, H, d G ) ; the fourth path which is denoted by
It follows from Lemma 4.2 and Lemma 3.4 that we have constants µ ≥ 1 and C ≥ 0 such that for any
We take a function f 1 in Lemma 3.5 and a function f 2 in Lemma 4.1. We consider a function
Then F is non-decreasing and satisfies F (t) → ∞ as t → ∞.
We take t ≥ 0, ( , 0}) by Lemma 4.1. It follows from Lemma 3.5 that
For any N > 0, we can take M > 0 such that F (M ) > N because F (t) → ∞ as t → ∞. Then M satisfies the condition in Lemma 4.3. Hence we have a G-equivariant continuous map from ∂X(G,
Corollary 4.4. Let G be a countable group and X and Y be compact metrizable spaces endowed with geometrically finite convergence actions of G. Let φ : G → G be an automorphism of G. Suppose that φ(H(X)) → H(Y ). Then we have a continuous surjective map π : X → Y such that π(gx) = φ(g)π(x) for any g ∈ G and any x ∈ X. Moreover φ ∪ π :
Proof. This follows from Theorem 1.1, Remark 1.4 and Lemma 2.8.
Applications of Theorem 1.1
In this section we deal with applications of Theorem 1.1.
Proof of Corollaries 1.5 and 1.6
First we prove Corollary 1.5. We need the following:
Lemma 5.1. Let L(0) be a finitely generated and virtually non-abelian free group. Then there exists a sequence of subgroups {L(k)} k∈N satisfying the following:
(1) L(k) is isomorphic to a finitely generated and virtually non-abelian free group for any k ∈ N;
(2) L(k) is an almost malnormal and quasiconvex subgroup of L(k − 1) for every k ∈ N;
Proof. We fix a finite index free subgroup M (0) of L(0) and put 
Proof of Corollary 1.5. By Theorem B.1 (or [24, Theorem 1.2]), G admits a finitely generated and virtually non-abelian free subgroup L(0) which is hyperbolically embedded into G relative to H(X). We take a sequence {L(n)} n∈N of subgroups of L(0) described in Lemma 5.1 and for each n ∈ N, we put
For each n ∈ N, K n is a proper relatively hyperbolic structure on L(n − 1) and hence there exists a finitely generated and virtually non-abelian free subgroup H(n, n) of L(n − 1) which is hyperbolically embedded into L(n − 1) relative to K n by Theorem B.1 (or [24, Theorem 1.2]). We take a sequence {H(n, n + m)} m∈N of subgroups of H(n, n) described in Lemma 5.1 for each n ∈ N, that is, {H(n, n + m)} m∈N satisfies the following:
• H(n, n+m) is isomorphic to a finitely generated and virtually non-abelian free group for any m ∈ N;
• H(n, n+m) is an almost malnormal and quasiconvex subgroup of H(n, n+ m − 1) for every m ∈ N;
• m∈N H(n, n + m) is a finite subgroup of H(n, n).
For each λ ∈ {0, 1} N and each n ∈ N, we put
and
We can confirm that H (n) λ is a proper relatively hyperbolic structure on G by using [29, Theorem 1.5]. Also we have H
We take a compact metrizable space X (n) λ endowed with a geometrically finite convergence action of G such that H(X (n)
λ . Now we prove the assertions (1) and (2). Since we have H(X) → H(X (n) λ ) for each n ∈ N, it follows from Theorem 1.1 that X (n) λ is a blow-down of X. Hence the induced action of G on X λ is a minimal non-elementary convergence action and X λ is a blow-down of X such that H(X λ ) = n∈N H (n) λ by Lemma 2.10 and Lemma 2.11. Moreover we have H(X λ ) = H(X) by the condition (3) in Lemma 5.1.
Next we prove the assertion (3). Take any λ, λ
, then we can confirm that X λ is a blow-down of X λ ′ in a similar way to the above argument. Now we suppose that λ(n) = 0 and λ ′ (n) = 1 for some n. Since H(n, n) is strongly quasiconvex relative to H (n) λ in G, the limit set Λ(H(n, n), X (n) λ ) endowed with the induced action of H(n, n) consists of conical limit points (see [20, Theorem 1.2] ). Since Λ(H(n, n), X λ ) is a blow-up of Λ(H(n, n), X (n) λ ), it follows from Lemma 2.3 (3) that the limit set Λ(H(n, n), X λ ) endowed with the induced action of H(n, n) also consists of conical limit points. On the other hand Λ(H(n, n), X λ ′ ) endowed with the induced action of H(n, n) has a point which is not conical. Indeed we take the parabolic point p m ∈ X (n+m) λ ′ of H(n, n + m) for each m ∈ N ∪ {0}. Then {p m } m∈N∪{0} defines a unique point p λ ′ of X λ ′ . Since any p m is not a conical limit point of X (n+m) λ ′ with respect to the induced action of H(n, n), it follows from Lemma 2.11 that p λ ′ is not a conical limit point of X λ ′ with respect to the induced action of H(n, n). Also since p 0 is a bounded parabolic point of X (n) λ ′ and its maximal parabolic subgroup is H(n, n), it follows from Lemma 2.3 (4) that p λ ′ belongs to Λ(H(n, n), X λ ′ ). Assume that X λ is a blow-down of X λ ′ . Then Λ(H(n, n), X λ ) is also a blow-down of Λ(H(n, n), X λ ′ ). In view of Lemma 2.3 (3), this contradicts the facts that Λ(H(n, n), X λ ) consists of conical limit points and that Λ(H(n, n), X λ ′ ) has a point which is not conical.
The assertion (4) follows from the assertion (3). Since H(X) is a proper relatively hyperbolic structure on G, the assertion (5) follows from the assertion (1) and (4).
Remark 5.2. We consider a characteristic function χ {1,...,n} ∈ {0, 1} N for each n ∈ N. We define X n by X χ {1,...,n} for each n ∈ N on the above proof, and put X 0 = X. Then X n is a blow-down of X m for n, m ∈ N ∪ {0} such that n ≥ m. We can easily confirm that X n for each n ∈ N ∪ {0} has exactly n G-orbits of points which are neither conical nor parabolic. Since any conjugacy between minimal non-elementary convergence actions of G preserves conical limit points and parabolic points, X n and X m for any different n, m ∈ N ∪ {0} are not conjugate.
Remark 5.3. Suppose that G is finitely generated and G has a compact metrizable space X endowed with a geometrically finite convergence action. Since Out(G) is countable, it follows from Corollary 1.5 that the set of all conjugacy classes of minimal non-elementary convergence actions of G whose peripheral structures are equal to H(X) is uncountable.
Proof of Corollary 1.6. This is proved in a similar way in Proof of Corollary 1.5, where {H(n, n + m)} m∈N is replaced by {H(n, n)} m∈N for each m, n ∈ N. We omit details.
Common blow-ups of geometrically finite convergence actions
Let {X i } i∈I be a family of compact metrizable spaces endowed with minimal non-elementary convergence actions of G, where I is a non-empty countable index set. If the induced action of G on i∈I X i is a convergence action, then i∈I X i is the smallest common blow-up of all X i , that is, i∈I X i is a common blow-up of all X i and any common blow-up of all X i is a blow-up of i∈I X i (see Lemma 2.10) . Unfortunately the action of G on i∈I X i is not necessarily a convergence action even if I is finite. Indeed a counterexample is given by [3, Theorem 1] about Cannon-Thurston maps (refer to [22, Corollary 1.3] ). On the other hand, we have the following: Corollary 5.4. Let G be a finitely generated group. Let {X i } i∈I be a family of compact metrizable spaces endowed with geometrically finite convergence actions of G, where I is a non-empty countable index set. Then the action of G on i∈I X i is a minimal non-elementary convergence action of G such that H( i∈I X i ) = i∈I H(X i ). Here a subgroup of G belongs to i∈I H(X i ) if and only if it is infinite and is an intersection of some H i ∈ H(X i ) for each i ∈ I.
Moreover if I is finite, then the action of G on i∈I X i is geometrically finite.
Remark 5.5. If I is infinite, then the convergence action of G on i∈I X i is not necessarily geometrically finite (see Remark 5.11 and also Proof of Corollary 1.5).
Remark 5.6. When G is finitely generated, there exist at most countably infinitely many proper relatively hyperbolic structures on G (see [23, Proposition 6.4] ). Hence there exist at most countably infinitely many G-equivariant homeomorphism classes of geometrically finite convergence actions of G. Thus countability of I is not an essential assumption. Also if a countable group G admits a geometrically finite convergence action on a compact metrizable space, G has infinitely many geometrically finite convergence actions on compact metrizable spaces (see for example [23, Theorem 6.3] Lemma 5.7. Let G be a finitely generated group. Let {X i } i∈I be a finite family of compact metrizable spaces endowed with geometrically finite convergence actions of G. Let Z be a compact metrizable space endowed with a geometrically finite convergence action of G and π i : Z → X i be a G-equivariant continuous map for every i ∈ I. When we take H i ∈ H(X i ) for every i ∈ I, we have i∈I Λ(H i , Z) = Λ( i∈I H i , Z). Proof. We take i ∈ I and H i ∈ H(X i ). The induced action of H i on Z is elementary or geometrically finite (see for example [35, Theorem 1.1] ). Also when we take g / ∈ H i and the parabolic points p ∈ X i of H i and q ∈ X i of gH i g −1 , we have p = q. Hence we have π Proof of Corollary 5.4. First we suppose that I is a finite index set. Since I is a finite set, it follows from [23, Proposition 7 .1] based on [9, Theorem 1.8] that i∈I H(X i ) is a proper relatively hyperbolic structure. Hence we have a compact metrizable space Z endowed with a geometrically finite convergence action such that H(Z) = i∈I H(X i ). It follows from Theorem 1.1 that we have a G-equivariant continuous map π i : Z → X i for every i ∈ I. The image of i∈I π i : Z → i∈I X i is i∈I X i and the action of G on i∈I X i is a minimal non-elementary convergence action such that H( i∈I X i ) = i∈I H(X i ) by Lemma 2.10. We take {r i } i∈I ∈ i∈I X i . If r i ∈ X i is conical for some i ∈ I, then {r i } i∈I is conical and thus ( i∈I π i ) −1 ({r i } i∈I ) consists of one point by Lemma 2.3 (3) . Suppose that r i ∈ X i is parabolic and H i ∈ H(X i ) is the maximal parabolic subgroup for every i ∈ I. Since I is a finite set, we have i∈I π −1 i (r i ) = i∈I Λ(H i , Z) = Λ( i∈I H i , Z) by Lemma 2.3 (4) and Lemma 5.7. If i∈I H i is finite, then Λ( i∈I H i , Z) = ∅. This contradicts the fact that {r i } i∈I belongs to the image of i∈I π i : Z → i∈I X i . If i∈I H i is infinite, then i∈I H i is parabolic and thus Λ( i∈I H i , Z) consists of one point. Hence ( i∈I π i ) −1 ({r i } i∈I ) consists of one point. Thus Z ∋ z → {π i (z)} i∈I ∈ i∈I X i is a G-equivariant homeomorphism.
Next we suppose that I is not necessarily finite. We consider a countable directed non-empty set J consisting of finite subsets of I, where j < j ′ for each j, j ′ ∈ J is defined by j ⊂ j ′ . We define X j := i∈j X i for each j ∈ J and the natural G-equivariant surjection π jj ′ : X j ′ → X j for each j, j ′ ∈ J such that j < j ′ . Since the action of G on X j is a geometrically finite convergence action by the former argument, we have a projective system of geometrically finite convergence actions of G. Since J is countable, lim ← − j∈J X j is naturally endowed with a minimal non-elementary convergence action of G by Lemma 2.11. We have a G-equivariant continuous map π i : lim ← − j∈J X j → X i for any i ∈ I. Hence it follows from Lemma 2.10 that the image of i∈I π i : lim ← − j∈J X j → i∈I X i is i∈I X i and the action of G on i∈I X i is a non-elementary convergence action such that H( i∈I X i ) = i∈I H(X i ).
Remark 5.8. On the last part, we can prove that lim ← − j∈J X j and i∈I X i are G-equivariant homeomorphic. Indeed we have the natural projection i∈I X i → X j for any j ∈ J and thus we have a G-equivariant continuous map i∈I X i → lim ← − j∈J X j . It follows from Lemma 2.3 (2) that lim ← − j∈J X j and i∈I X i are Gequivariant homeomorphic. We call a geometrically finite convergence action of G on a compact metrizable space X the universal geometrically finite convergence action if every compact metrizable space endowed with a geometrically finite convergence action of G is a blow-down of X. When G is finitely generated and has a geometrically finite convergence action, we obtain the smallest common blow-up of all compact metrizable spaces endowed with geometrically finite convergence actions by applying Corollary 5.4 to a family of representatives of G-equivariant homeomorphism classes of all compact metrizable spaces endowed with geometrically finite convergence actions. However the action is not necessarily geometrically finite (see Remark 5.11) . On the other hand we recognize many examples of groups with the universal geometrically finite convergence actions. Indeed when a convergence action of G on X is geometrically finite, it is the universal geometrically finite convergence action if and only if H(X) is the universal relatively hyperbolic structure on G in the sense of [ Question 5.10. Does every finitely presented group with a geometrically finite convergence action have the universal geometrically finite convergence action? Does every torsion-free finitely generated group with a geometrically finite convergence action have the universal geometrically finite convergence action?
Remark 5.11. We consider the smallest common blow-up of all compact metrizable spaces endowed with geometrically finite convergence actions of the socalled Dunwoody's inaccessible group J. It follows from [4, Section 6] that J does not have the universal relatively hyperbolic structure (see also [23, Remark (IV) in Section 7] ). In particular the action is not geometrically finite. We note that J is finitely generated but neither finitely presented nor torsion-free.
On the other hand the following claims that there exists a family of compact metrizable spaces endowed with geometrically finite convergence actions which admits no common blow-downs:
Corollary 5.12. Let G be a countable group and X 0 be a compact metrizable space endowed with a geometrically finite convergence action of G. Then we have a sequence of compact metrizable spaces endowed with geometrically finite convergence actions {X n } n∈N and a sequence of G-equivariant continuous surjections {π n : X n−1 → X n } n∈N such that lim − → n∈N X n is not Hausdorff and there do not exist any common blow-downs of all X n .
Proof. We consider the set {l k | k ∈ N} of all loxodromic elements of G. We denote the virtual normalizer V G (l k ) of l k by H k . Also we denote the conjugacy class represented by
is also a proper relatively hyperbolic structure for every n ∈ N. In fact if H n−1 is a proper relatively hyperbolic structure, then H n belongs to H n−1 \ H 0 or is hyperbolically embedded into G relative to H n−1 ([29, Corollary 1.7]). Hence H n = H n−1 ∪ H ′ n is a proper relatively hyperbolic structure on G. When we take a compact metrizable space X n endowed with a geometrically finite convergence action such that H(X n ) = H n for every n ∈ N, we have a unique G-equivariant surjection π n : X n−1 → X n for every n ∈ N by theorem 1.1 and Remark 1.4. Then the directed limit X ∞ := lim − → n∈N X n is not Hausdorff. Indeed assume that X ∞ is Hausdorff. Then the action of G on X ∞ is a nonelementary convergence action. Hence we have a loxodromic element l ∈ G with respect to X ∞ . Then l is also loxodromic with respect to X 0 . However l is an element of a parabolic subgroup with respect to X n for some n. In particular l has exactly one fixed point in X ∞ . This contradicts the assumption that l is loxodromic with respect to X ∞ .
Assume that there exists a common blow-down Y of all X n . We have a loxodromic element l ∈ G with respect to Y . Since each X n is a blow-up of Y , l is a loxodromic element with respect to each X n . This contradicts the fact that l is an element of a parabolic subgroup with respect to some X n .
Appendix A Groups with no non-elementary convergence actions
There exists a criterion for countable groups to have no proper relatively hyperbolic structures (see [21, In this appendix, we give a remark on hyperbolically embedded subgroups of relatively hyperbolic groups in the sense of [29] as a continuation of [24] . After the first version of [24] appeared, the notion of a hyperbolically embedded subgroup was further generalized in [8] . We can see that the argument in the proof of [8, Theorem 6.14 Theorem B.1. Suppose that a group G is not virtually cyclic and is hyperbolic relative to a family K of proper subgroups in the sense of [28] . Then G contains a maximal finite normal subgroup K(G). Moreover for every positive integer m, there exists a subgroup H of G such that H is the direct product of a free subgroup of rank m and K(G) and that H is hyperbolically embedded into G relative to K.
We write down the proof for reader's convenience. Let X be a finite generating set of G relative to K. We put K = K∈K K \{1} and Y = X ∪ K. By [29, Corollaries 1.7 and 4.5] and [2, Lemma 3.8], G contains subgroups E 1 , . . . , E 6 of G such that G is hyperbolic relative to K∪{E 1 , . . . , E 6 } and for each i ∈ {1, . . . , 6}, we have E i = g i × K(G) for some element g i of G.
We put E = 6 i=1 E i \ {1}. For each i ∈ {1, . . . , 6}, we denote byd i the relative metric on E i defined in [8, Definition 4.2] by using the Cayley graph Γ(G, Y ∪ E). We take a positive integer n such that for each i ∈ {1, . . . , 6}, we haved i (1, g We denote by H the subgroup of G which is generated by {x, y} and K(G).
Since for each i ∈ {1, . . . , 6}, the subgroup g i commutes with K(G), we have H = x, y × K(G). As mentioned in the proof of [8, Theorem 6.14 (c)], the subgroup x, y is a free group of rank two.
Let r = r 1 . . . r k be a path in Γ(G, Y ∪ E) such that for each j ∈ {1, . . . , k}, the label of the edge r j belongs to {(g ±1 }. Here for each i ∈ {1, . . . , 6}, we think of g n i as a letter in E. By [8, Lemma 4.20] , the path r is a (4, 1)-quasigeodesic. Now we consider the metrics on x, y , H and G induced by the Cayley graphs Γ( x, y , {x, y}), Γ(H, {x, y} ∪ K(G)) and Γ(G, Y ∪ E), respectively. Then the natural embedding from x, y into G is quasi-isometric.
Since H contains x, y as a finite index subgroup, the natural embedding from H into G is also quasi-isometric.
By the proof of [8, Theorem 6.14 (c)], the subgroup H is hyperbolically embedded in G in the sense of [8] . Hence H is almost malnormal in G by [8, Proposition 2.8] .
Therefore G is hyperbolic relative to K∪{E 1 , . . . , E 6 }∪{H} by [29, Theorem 1.5]. Since for each i ∈ {1, . . . , 6}, the subgroup E i is a hyperbolic group, the group G is hyperbolic relative to K ∪ {H} by [28, Theorem 2.40] .
